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1 Free groups

By way of introduction consider the dihedral group D, of order 10, the group of

isometries of the regular 5-gon. It consists of five rotations and five reflections.

Let o = (12345),y = (25)(34). Then |z| =5, |y| = 2, and
ylzy = (25)(34)(12345)(25)(34) = (15432) = 2!

Therefore,
Yr = y_lx = J:_ly_1 = x_ly

and y 'z =yt =ay

(rewrite rules). Thus, all elements of D;q are of the form xiy’.

For example,

w = aya’y’ e’y eyt = a(yr)eya’y ey
= zx”yrya’y ety = (ya)yay ey

= (a7 y)ya’y ety = 2Pyl y

— 2y e Ny = 22eyry

=2’ (ya~ )y = 2y’

:x4

2 .3 .4 2 3 4
é-Dl(]:{engax Yy L, T, Y, 2Y, 7Y, LY, T y}

(Does Dy really contain ten elements? In other words: Could some of the ele-

ments above still be equal? No! Suppose for example 2% = 2ty = 271 = y4.)



To introduce some language:
x and y are generators for Dy.

{z,y} is a generating set.
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2 =y? = e,y oy = 27! are relations.

w is a word in {x, 27 y,y '}

This module is essentially about studying groups in terms of generators and re-
lations. Now suppose we are given a group G and we know that G is generated by
a non-empty subset S, we write G = (5).

This means that every g € G can be expressed as a finite product g = s7* - ... - s}*
where g; = +1,s; € 5,1 <i < k. (That is, each g € G is a word in SUS™!.)

This product is said to be reduced (with respect to S) if the following condition is
satisfied:

8i = Sit1 = € +€ip1 # 0
This simply says that s™'s and ss(s € S) are forbidden subwords.
Example. S = {z,y}

not reduced (still not reducedty ~ reduced

xyy_ley — :E3y

eVt y 2 e S Yyter
— x’1y4y’2x
— $’1y3y’1$ — x’ly%

The fundamental idea is that of a free group. Roughly speaking, a free group F is

one for which any two reduced words that look different are not equal in F.

Example. In Dy we have y~'zy = 27! so Dy is not a free group (with respect to

{z.y}).

Again: In a free group, the only relations amongst the generating set are the obvious

ones: zx ' =z"lx =e.



Definition. A group F is said to be free on X C F'if given any group GG and any
mapping 6 : X — G there exists a unique homomorphism 6’ : F' — G extending 0,

that is, having the property that x6 = 26 (Vx € X). That is, the diagram

X—
-

L0
G

commutes. Here ¢ : X — F is the inclusion determined by xt =2z (Vx € X).
Remarks. (1) ¢ and 6 are mappings; ¢ is a homomorphism.

(2) This definition allows us to distinguish between words in F'.

T1T2, X173 € F (l’l € X)

Ty T2 T3 X—F

N A

(12) (123) (124) S,

(x120)0 = (21)0'(22)0" = (12)(123)
(ZE1I3>9/ = (1]1)0’(1’3)0/ = (12)(124)

(3) If we replace “group” by “abelian group” in the above definition, we get a free

abelian group on X.

Exercise. Show that every free abelian group A is a direct sum of copies of Z:
A=@Z
Lemma 1.1. If F' is free on X then X generates F.

Proof. Let H = (X) C F be the subgroup generated by X, and let § : X — H be
the mapping 20 = = (Vo € X). Let ' : F — H be the corresponding extension. Let
1y : H — F be defined by hiy = h (Vh € H). Then 0’15 extends 0. But so does
idp, and so @'ty = idp by uniqueness. Therefore F' = Im(idp) = Im(0't12) C H

= F =H = (X). []

If F'is free on X then X is a (free) basis for F' and | X| = r(F) is the rank of F.



Theorem 1.2. If F; is free on X; (i = 1,2) and | X1| = | Xs| then Fy = F,. (Free

groups of the same rank are isomorphic.)

Proof. Assume |X;| = |X3|. Let ¢ : X; — X5 be a bijection. Let «, be the

following extensions (in which ¢; and ¢y are inclusions):

X1L>F1 X2L>F2

e/
X2 [} Xl B
Fy Fy

Now 11088 = ¢1o8 = ¢~ = 11, so aff : Fy — F) extends ¢;.

X1L41>F1

l' /%

Fy

By uniqueness, a8 = idp,, since idp, also extends ¢;. Similarly Sa = idp,. This says
that a : Fy — F, and B : F;, — F} are bijective homomorphisms and so are inverse

isomorphisms. O

Let F be a group and let X C F'. For the group G let Hom(F,G) denote the set of
homomorphisms from F — G, and let Map(X,G) denote the set of mappings from
X —G.

Define p : Hom(F,G) — Map(X,G) by ¢p = 1¢ where ¢ : X — F is inclusion.

Exercise. (1) p is surjective iff for all maps X — G there exists ¢ as in the defini-

tion of F' being free on X.
(2) p is injective iff @, if it exists, is unique.
(3) F is free on X iff p is bijective V groups G.

Theorem 1.3. If F; is free on X; (i = 1,2) and Fy = F, then |X1| = |Xs|. (Free

groups of different rank are not isomorphic.)



Proof. Since Fy = Fy we have |Hom(F\,G)| = |Hom(F,,G)| for any group G.
Therefore |Map(X;,G)| = |[Map(Xs, G)| for any group G. Let G = C5 be the cyclic
group of order two. Then |[Map(X,,G)| = 2% = |Map(X,, G)| = 2!

= | Xi| = [Xs]. O

Free groups are (isomorphic to): Z, Fy, F3, ..., F,,... and F,, where F, is the free
group of rank n and Fl is the free group of X where X is infinite. Let X be an

arbitrary non-empty set. We construct a free group F'(X) with X as a free basis.

Step 1. First form another copy of X,
X={i:zeX}

where the elements of X will later become the inverses of the elements of X. Let
X*!:= X U X. Now form the sets of words W,, of length n > 0 in X*! which are

n-tuples of elements of X*!'. Thus
e W, consists of (), the empty word (sometimes denoted by e).
e W, consists of (z), (%),z € X
o W, consists of (z,y),r,y € X*!

and so on. Now discard all words containing an adjacent pair: (...,z,Z,...) or
(...,Z,z,...) where z € X. The remaining words are called reduced words. Let an

denote the set of reduced words of length n. Finally let F'(X) = |, W,.

Notation: We are writing:
o ! for i

o 111y ... 1y for (z1,m9,...,2%)

—~

e 2" for (z,...,x) € W,

—~

o z "for (z,...,2) e W,

(for z,z; € X).



Example. If X = {z,y}, Wy = {22, v% 272,y 2%, ay, xy ", a y, oy~ ye,y e,y et ya ')

Step 2. “Juxtaposition plus cancellation” is the binary operation.

Given a = (z1,...,1) Gﬁv/},b:(yl,...,ym) GWNm,

ab := (ﬂfl, v Ty Yrgds - - 7ym)

where r is the largest integer k such that none of (z;,v1), (z1-1,v2), - -, (T1—k+1, Yx)
is reduced. Thus ab € fW/Hm_gr. Now we need to check the group axioms.
Closure: Immediate.

Identity: The empty word ( ).

Inverses: (z1,...,2;)"* = (4, ...,#) with the understanding that # := =
for z € X.
Associativity: Let ¢ = (z1,...,2,) € W, and let be = (Yty -+ s Ym—ss Zst1y - -+ 2n) €

Wingn—2s. We want to show: (ab)c = a(bc).

“We always prove (ab)c = a(bc). Why is this enough to prove that it doesn’t matter
how to bracket an arbitrary expression? We always take it for granted, don’t we?

This is a hidden horrible exercise in group theory.”

If a,b or ¢ is the empty word the result is obvious. So, assume that [,m,n > 1.

Then there are three cases to consider:

Case 1.
r+ s < m (The cancellations in ab and bc are disjunct).

Then both sides of (ab)c = a(bc) are equal to

(l’l, sy Ly Yrtly o5 Ym—ss Zs+15 - - - 7Zn) S VVZ—i—m—&-n—Q(r—i—s)

Example. r=2,s=3,m =6

1

a = zyxry tx~! (which is equal to (z,y,z, 7, ) but we won’t use this notation.)



b=azyry ‘zy ! and ¢ = yx~lyx

(ab)e = (zvyzy 'z toyry oy yz tyx
= (zyzzy ey )y lya

= TYrTT

a(be) = wyry o™ N awyry oy lyr yx)
= zyry o (zyr)

= TYrTT

Case 2. r +s = m (The cancellations in ab and be meet in exactly one place so that
b is completely cancelled out.)

Here both sides equal (21, ..., 2, Zs41, -+ 2n) € Witn_m.
Example. r=2,s=2,m =14

a=xyzx lyt (I1=4)

b=yzyr (m=4)

c=xly ly Tz (n=4)

(ab)c = (zyz~ 'y lyzyz)a "y y e
= (zyyx)z 'y y e

= zyy tr € Wy

a(be) = zyx ™'y~ (yayzz Ty~ ly )
=zyz Yy (yay o)
= ayy lz € Wy
(Of course this word can be further reduced to xz € W, but we stop the reduction
as soon as we arrive in W+m_n. It’s sufficient to know that we end up with the

same irreduced word at some point since it would lead us to the same reduced word

as well.)

Case 3. r+ s > m (The cancellations overlap).

In this case put 5 = (Y1, Ym-s),Y = Um-st1r--->Yr);0 = Yrs1,---,Ym), Where
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v describes the overlapping part.

By hypothesis, v has length r —m+s—1+1=r—m+s >0 and b = 34,

a=ay g7 with a = (z1,...,71_,), c= 01y le with e = (2541, . .., 22)

Then,

(ab)e = (ay ' B7'By0)(6 'y te)
= (ad)(67 'y te)

=a(y'e)

a(be) = (ay™'B7)(By06 'y e)
= (ay™'B7)(Be)
= (ay e

1

Since o and v~ are adjacent in the reduced word a there is no cancellation in

1

forming their product. Similarly this is also the case for y~" and ¢ since they are

adjacent in the reduced word c. Therefore:
a(bc) = ay~ e = (ab)c

Example. Take r =4,s =4, m = 5.

1 1

a = wyay oty = (ayz)(y~'2)(ay) = oy B

b=y o ?yz = (y ') (= y)(z) = Byd

c=aly e = () ) () = 67y e

Then (ab)c = ay~te = (zvyx)(y ' z)yz® = zyzytzyz® = a(be).
Step 3. Get rid of the brackets and commas.
r—z
(X1, ..., z) =21...24

and identify Z with z7!. Note that (X) = F(X).



Step 4. Finally we show that F/(X) is free on X.
For a given group G and a mapping 6 : X — G define 0’ : F(X) — G as follows:

6F(X)6'/ = €@
20 =20 Vr e X

10 = (20)"! Vre X

and (z1,...,2)0 = (x10")(x20") ... (1;0') for xq,...,2; € I//Iv/l

It is clear that ¢’ extends 0 and if ¢ : FI(X) — G is another extension of 6 then ¢’
and ¢ (given that 0’ is a homomorphism) agree on the generating set X so 6 = ¢
(uniqueness). (See Exercise Sheet 1, Question 1.)

It remains to show that 6" is homomorphism: Let a = z;...1; € ﬁv/l and b =
Y1 Ym € W; and ab = 1 ... 2 Yri1---Ym € ,W,Hm_% By definition of ab we
see that y; = 2; ", for 1 < i < r (to get cancellations) and so by definition of ¢,
Yt = (x1—i410) 7t = (1i—ia8)

(To see this if y; € X, 2", € X' then y;6' = y;,0 = (y; '0')! = (x1-110")""; and
if y; € X € X then y60/ = 2 10 = (11-3310) 7" = (m1i10) 7" )

Therefore,

(a0 ((ab)0)(b0) ' = [210 ... 00 )[310 ... 21Oy i1 0 .y 110y
= (@0) 7" (@ 0) T (w0 ()7
=) ... (10 0) . () =

So (af')(b8') = ((ab)d') = 0" € Hom(F(X),G).

We have proved:
Theorem 1.4. The group F(X) of reduced words in X*' is free on X.
Lemma 1.5. If F' is free of rank r and H = F then H is free of rank r.

Proof. Let F be free on X with |X| =r. Let ¢ : FF — H be an isomorphism and
let Y ={z¢p:2€ X} CH.

10



We claim that H is free on Y. Since |Y| = r the result follows.

Let p: X — Y be the bijection zp = x¢ (Vx € X). Let G be any group and 6 any
mapping from Y to G. Since F'is free on X there exists a unique homomorphism
0 . I — G extending pf. Let ¢/ : H — G be the homomorphism defined by
¢ = ¢10'. Clearly piy = 11¢. Therefore pf = 1,0/ = 110¢' = piad’. Now p is
a bijection, so 6 = 15¢/, that is, ¢’ extends 6. Suppose now that 6 = ngzAS. Then

pt = pbggzg.
= pl = 110d = ¢ extends 6. Since ¢ also extends 6 and is unique, ¢ = ¢=10' =
& u

(What we have proved here is that “being free” is an isomorphism invariant.)
Theorem 1.6. A group F is free on a subset X C F iff

(i) X generates F', and

(ii) no reduced word in X*! of positive length is equal to the identity in F.

Proof. Let 8" be the unique extension of the inclusion ¢ : X — F.

X —5 F(X)

%
A
1’4
F
(«<): If (i) holds then #' is surjective. If (ii) holds then ¢’ is injective. Therefore ¢’

is an isomorphism and so F'is free on X by 1.5.

(=): If Fis free on X and |X| = r, then both F' and F(X) are free groups of
rank 7. Therefore by theorem 1.2, F' = F(X). Since (i) and (ii) hold in F(X) it is
clear that they also hold in F'. O

Theorem 1.7. Every group is isomorphic to a quotient group of a free group.

11



Proof. Let G be a given group and let X be any generating set for G. Such an X

always exists (take X = G if necessary). Let ¢ be the unique extension given by:

X —5 F(X)

%
A
1’4
G
Then (first isomorphism theorem) F'(X)/kerf = Imé'.

But X C Im# and (X) = G. Thus, Im¢’ = G.

We investigate torsion in free groups.
A reduced word

a=x1...1 (v;€ X* ac F(X)
is called cyclically reduced if x1 # xl_l.

1

Example. The word 22y !'zyz~! is reduced but not cyclically reduced.

The word ya?y3x~1y is cyclically reduced.

Suppose @ = z; ...x; is reduced and a® = z1 ... 2, Tyi1 ... 7 € Wa_a,. SO l(a) =

20 — 2r. Question: How big can r be?
Example. Let’s assume [ =9 and r = 5.

a4 = T1X2X3X4 X5 L L7 XLl Lo X3 XLy Xy Legl7lyly

?

But zsx5 is a reduced word of length 2, so r = 5 is impossible!
Example. What about [ = 8 and r = 57

a4 = T1X2X3X4 X5 Le Ly XL L L3 Ly Lslgl7d
1424344 L5 L6 L7 L8LY L2 LT Lg LELELTLEY

?

If 2524 = e then x4 = xgl = 2425 = ¢ which contradicts the fact that a is reduced.

12



More generally, if [ = 2k + 1 and r > k then we get x?2 +1 = ¢ (contradiction), and if

| = 2k and r > k then we get “a not reduced” (contradiction). Therefore r < I(a)/2.

Now let a = u~tau where a is cyclically reduced.

a=(z1...0) '2pyr .o (zy .. m,)  1(@) >0fora#e

a= m_ly_1x2y4xyx_2yx
a=y'ry

Note that I(a?) = 2l(a) — 2r > 2l(a) — l(a) = l(a).

More generally,

= l(a™) = l(u"ta™u) = nl(a) +2r > (n— Dl(a) + 2r = (v a" " u) = 1(a™).

We have proved:
Theorem 1.8. F(X) is torsion free (the only element of finite order is e).

Remark. (Q\{0}, z) has elements +1 and —1 of finite order so it is not torsion free

— therefore it’s not free.

If g € G then the centralizer of g in G is the subgroup Cg(g) = {h € G : hg =
gh} <G.

Theorem 1.9. For any w € F(X)\{e}, Cy, = Cpx)(w) = Z (infinite cyclic group).
We will need some Lemmas:

Lemma 1.10. Let a,b € F(X). If ab = ba then 3c € F(X) such that a = c* and
b=c" where k,h € Z.

Proof. The proof is by induction on [(a) 4 [(b). The result is clear if a = e or b = e,
in particular, the result holds for I(a) + I(b) = 1.

13



Assume a # e and b #e. Let a =x1...2; € ﬁ//l,b =Y. Ym € Wm and assume

without loss of generality that [ < m. Suppose in reduced form we have:
ab=1x1... 2 Ypri1 - - Ym
ba =y1 .. . YmrTpi1...2y

where 0 < r <.

(If we have r cancellations in ab we also have r cancellations in ba since ab = ba so

ab and ba have the same length.)

e If r =0 then z; = y; for 1 <i <[ and so b = au where [(u) = m — [ < [(b).
Now au = b = au = a 'ab = a~'ba = a *aua = ua. So by induction we see

that a and u are powers of a common element. But then so is au = b.

o If r = then b = a'v with I(v) < I(b). Now a v =b = a'v = aa"'b =

aba™' = aa"'va™! = va™! (since ab = ba < a'b = ba"'). = a~! and v are

powers of a common element. But then, so is a™'v = b.

e 0 <r <I: See Exercise Sheet, question 5.

Lemma 1.11. (i) Ifa,b e F(X) and a™ = b" then a = b.
(i) If w € F(X) then |{c € F(X) : " =w for some n € N}| < oc.
Proof. (i) Write:

)+ 20 (u)

)+ 2l(v)

Q>

a=u""tau = l(a) =1(

S

b=v""'w = 1(b) =1(

14



a =b" = o a"u = v

~

= nl(a) + 2l(u) = nl(b) + 2(v)

a = b" :a2n — b2n

= uta?u = v

~

= 2nl(a) + 2l(u) = 2nl(b) + 2I(v)
= l(a) =1(b) = l(u) = I(v)

Therefore u=*a"u = v=10"v (reduced). = u=v and @ = b= a = b.

(ii) Let ¢® = w. If w = e then ¢ = e by Theorem 1.8. Write ¢ = u'¢u. If w # e
then ¢ # e and so ¢ # e. Now l(w) = I(c") = l(u"'eu) = nl(¢) + 2l(u) > n.
But /(w) > n for only finitely many n. Therefore, since w is an n'* power of
at most one element for each fixed n by (i), the result follows.

[]

Lemma 1.12. If a*b" = V"d* for a,b € F(X),h,k € Z\{0} then 3c € F(X) such

that a,b € (c) (= ab = ba since they’re both powers of a common element).
Proof. Exercise. [Hint: Apply Lemma 1.11 (i) twice.] O
Lemma 1.13. Ifa € F(X)\{e} then C = Cp(x)(a) is Abelian.

Proof. Let u,v € C. Then ua = au and va = av. Assume without any loss that
u # e and v # e. By Lemma 1.10 there exist b,d € F(X) and p,q,r, s € Z\{0} such
that:

u = bP, a=>b?
v=d", a=d°

= b4d°* = d*b? = Jc € F(X) such that b= c" d = c* (by 1.12).

kr

Therefore u = " and v = ¢*" commute.

15



Proof of Theorem 1.9. Observe that w" € Cy, for all n € Z. By Theorem 1.7 it
follows that C, is infinite. Pick d € C,\{e} such that d has minimal length. Let
v € C,. We claim that v is a power of d. Since d and v commute (by 1.13) we have

k

d = u" v =u* for some u € F(X). Now u* € C, implies: u* commutes with w and

so u commutes with w by 1.12, that is, u € C,,. Write u = a~'@a. Then:
I(d) = I(u") = |h|l(@) + 2(a)
= (|h| = D)l(a) + (o) + 2(a)
(1Al = 1)i(a) + U(u)

By minimality we have |h| = 1 therefore d = v*! = v = d*" and we have shown

that C,, = (d). O

Remark. (w) < Cpix)(w), but equality does not always hold!
Take for example X = {z,y},w = z*. Here C,, # (z*).

2 Schreier’s Method

Dedekind’s Theorem tells us that if A is free Abelian and B < A then B is free
Abelian and rankB < rankA. In this section, we will prove that a subgroup of a
free group is free. However there is no bound on the rank of a free subgroup.

Let F' = F(X) be the free group on X. Let H < F. We show that H is a free group.

1. The well-ordering of F

A partial ordering on a set S is a binary relation < on S such that < is

(01) irreflexive: =(s <s) (Vs € 9)
(02) transitive: a <bAb<c=a<c
and < is called a total ordering if also
(03) (Vs,te€S) s<tors=tort<s

and < is called a well-ordering if also

16



(04) any nonempty set 7" in S has a least element. That is, VI' C S : 3t € T such
that t <t Vi€ T\{t}.

Notes. 1. (04) = (03)

2. Theorem. Any set can be well-ordered.
Let < be a well-ordering of X*!. Let a = x1...2,b = y1...y, € F(X) where

z;,r; € X*! and so that {(a) = [ and [(b) = m. Then write a < b if either [ < m or

I=mand x, <y, and x; =y; for 1 <i<r—1.
Exercise. This yields a well-ordering on F'(X).

Example. Let X = {z,y}. Well-ordering of X*: z <y < 27! < y~! (Question:
What is the 10®* word in FI(X)? — Answer: e<z <y <z <y l<zr<ay<

vy t<yr<yy<...

Lemma 2.1. Let w = x;...x, be a reduced word in X' with n > 1 and let v be

any element of F = F(X). Thenv < xy...%T,—1 = 0T, < w.

Proof. 1f [(v) < n—1 then l(vz,) < n = l(w) (Caution: this is the usual “less than”,
not our ordering!) and vz, < w (this on the other hand is our well-ordering “less
than”). Now suppose that v =z ...2,_1Y; ... yp—1 Where y, < z,.

If x,, =y, !, then l(vz,) = n — 2 < I(w) and the result follows.

If z, # y;fl then vr, =1 ... 2, 1Yy .. Yp_1Tp < T1...T, = W. ]

2. Schreier Transversal (1927)

We have H, our fixed subgroup of F'. Let U be a right transversal for H in F'.

Then for any w € F;, Hw N U consists of a single element that we denote w.

Example (What is a transversal?). Cy = (z), H = (2°) = {1,2° 2'° 2!}, Then
the other partitions we get are Ha, Hx?, Hx® and Hx*. Either two cosets are the
same or their intersection is empty (since the partitions can be considered as equiv-
alence classes with a ~ b < a =0 mod H).

A transversal is a set of coset representatives. There are 4° transversals, e.g.

{2, 21t 212 23, 21}, Here, 216 = p!!.

17



A subset S of F' has the Schreier property (SP) if it contains all initial segments of
all its elements, that is, w = x1...2, € S = x1...2,_1 € S, where [(w) > 1.

A Schreier transversal for H in F'is a transversal U with (SP). Note that this implies
ecU.

Lemma 2.2. Fvery subgroup H of F' has a Schreier transversal.

Proof. Choose the least element of each right coset of H in F' in the above well-
ordering of F. Let U denote the resulting transversal. Suppose that z ...z, 1 ¢ U
but w =x1...2, € U. Let v be the least element of Hz; ... x,_1.

Then v < xy ...x,_1 and this implies vz, < xy...2T,_ 17, = w by Lemma 2.1. But
now Hv = Hxy ... Hx,_1 = Hvx, = Hw = vz, € Hw and this contradicts the

minimality of w in Hw. [

Example. X = {z,y}, F = F(X) ordered as above, z < y < 7! <y~ Let
H be the normal closure of S = {z® y* x 'y "'xy} in . Then H is the inter-
section of all the normal subgroups of F' containing S. For example, H < F and
S<N<QF=H<N.

We show that |F': H| = G.

Let Cs = {e,a,a? a* a*,a®} = (a) and define 0 : X — Cs by 260 = a* yf = a>. Let
0" . F — Cg be the unique extension of .

Then (yz= 18 = (y0')(z0)™' = a = 0 is onto. 230’ = y*0 = z7ly oyl = e =
S<kert)/ <F =H<kert = |F:H|=|F:ker®|-|ker¢ : H > |F : ker¢/| =
|Im 0’| = 6 by the first isomorphism theorem.

On the other hand the quotient group F/H is generated by Hx and Hy and there
(Hx)? = (Hy)>=H, Hv 'y a2y = H = HxHy = HyHz.

(If N is a normal subgroup of G and a € G, then Na = aN, N* = N, (Na)* = Na*.

Normal subgroups make life much easier.)

= F/H is Abelian of order < 6 = |F' : H| < 6 = |F : H| = 6 since we al-
ready know that |F': H| > 6.
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(The rearranging works like this:

Ho 'y lay=H

= oy 'Hoy = H

= Hzxy =yxH = Hyx
= H?xy = H*yx

= HxHy = HyHx

General observation: N < G normal, [a,b] € N < NaNb= NbNa.)

The transversal {e, z, z?,y, vy, v*y} has SP.

In general, take the least-element approach:

Take a look at the ordered elements.

exy z! y_l T TY xy_l YT Yy yx_l e

Now for each class we search for the element representing it. Clearly, e € H,x €
Hzx,y € Hy. The next element is x=' and it’s in Hx? because x> € H iff Hx? = H,
y~!' € Hy with a similar arguument involving y*> € H. Of course the next ele-
ments xx € Hx? and xy € Hxy. Now, Hry ' = HxHy ' = HxHy = Hxy and
Hyr = HyHx = HxHy = Hxy, and Hyy = Hy?> = H. But Hyz~! = HyHa ! =

HyHz? = Hx?Hy = H2*y and so it completes our transversal.

Transversal: {e,z,y, 2!, xy,yz~1}.

3. The Schreier generators

Recall that HwNU = w where U is a right Schreier transversal for H in F' = F(X).

Properties.
. w=w

2. Hv = Hw
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S w=wifweU
4. (Vu € U,z € X*') Hux = Huz = Hu = Huzz ! = uzr—! = u.
Lemma 2.3. H is generated by A = {ux(uz) u € U,z € X*'}

Proof. Since Hur = Hux we have Huzuz ' = H, that is, uz(uz)™' € H,s0 A C H.
Now let h € H and write h as a reduced word h = 1 ...z, (z; € Xil). Define the

following sequence of elements of U:

u;y = e€

and now put a; = uix,;u;rll = wz;(wm;)) ' € A (1 <i<mn). Then

aias ...Qq, = (u1$1u51)(u2$2ugl) S (unflxnflu;ll)(u”xnu;}rl)
= U1 T1Ts . .. xnu;}rl = Ulhuﬁjlq

_ —1
- hun—i—l

Observe that u, 1, =h "' (a;...a,) € H=>uj, € HNU ={e} =>h=a;...a,.

Returning to the previous example we obtain:

YL i , - -
U
e e e e Y2
x 3 e e xy_Qa:_l
r! e x_lyxy_l x73 :z:_ly_lxy_l
Y yxy_lx_l y2 e e
Ty ryrly~t | xyla? ryz~ly~? e
yx e yrlyr |y 2yl | gty

1

The entries are: uzuz ', e.g. exexr ! = e, Hx® = Hy? = Hx 'y~ lay = H, Hxy =

V= ay Nay) ™ =

Hyx. (In example, for z € U,y~! € X* we get zy~t(zy1)~
vy ty~taml)
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4. Decomposition of the set A.

Notice that in the previous table there are redundancies. In fact, {column 1} U
{column 2} = ({column 3} U {column 4})~!. Also, e appears at entry (u,z) iff

ux € U. It turns out that these are the only redundancies.

Let B = {b1, ba, b3, ba, bs, bg, br} := {a®, yawy™ o™ aya®y ™ a7 ywy ™" o wyPa™" ya~lya}.
More generally put B = {uazuz ' :u € U,x € X,uzx ¢ U}.

Lemma 2.4. The sets B = {uzuz ' :u e Uz € X\ ur ¢ U} and B = {b" :
b € B} coincide. Moreover A= B U BU {e}. (In other words, B generates H.)
Proof.
A\{e} = {uzuz ' 1w € U,x € X* uzuz ' # e}
= {uzuz ' 1 u € U,z € X*' ux # uz}
= {uzuzr t:ucUxr e X ur ¢ U}
={uruz ' iuecUx € Xur ¢ Uy U{uzuz ' cuc Uz e X Lurgd U}
=BUB

Now for v € U,z € X*!,

(uruz 1)~ = uzrtu?
= UTx UTT
—1
=o'z /e 1

where v = ux € U. (Here we used the identity v = wz2—1 which we noted earlier.)
Also:
ur ¢ U iff ux # uz
iff u # uzr !
iff wzr—1 # uza !
iff uzr ' ¢ U
iff u'z ™' ¢ U
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In conclusion (B) = H. Let 2 € X toget B C Bandlet z € X' to get B* C B

and result. N

5. Freeness of the generators B.

Let b = uzuz ' and b = vyvy ' be members of BU B™' = A\{e}. So b/ =

wruz toyoy L.

Lemma 2.5. (i) ux when reduced retains the final x.

vy when reduced retains the final y.

(11) zuz' when reduced retains the inital x.

yvy ! when reduced retains the inital y.

(111) zuz ‘v when reduced retains the inital x.

(iv) b = e precisely when v = T, x = y~

uz vy when reduced retains the final y.

1 1

and u = vy, that is, b = uzx‘u~

(i.e. V' is the free inverse of b).

Proof. (i) Let v = y1...%,, be reduced where y; € X*!. If there is cancellation

(i)

(i)

in forming vy then y,, = y=*

and so vy = Y1 ... Ym—1. If m =1 then vy = e
and if m > 1 then vy € U (by (SP)) and in both cases ' = vyvy ! = ¢, a

contradiction. Similarly uz retains the final x.

Let uZ = x1...2; (v; € X*') be reduced. If x is cancelled in zuz ! =

zx; ... 27" then = x;. But then

wr =urx v =T... 02
=z...2112 by (SP)

=T1...0_12] = UT

1

= b =e. a contradiction. Similarly yvy~" retains the initial y.

If wz~'vy does not retain the final y then since vy retains y it follows that vy

is an initial segment of wz. But by (SP) vy € U and so vy =7y = b =e, a
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contradiction.

1 1

If xuz~'v does not retain the initial z then (zuz~')~! = wzzr~! must be an

initial segment of v. So it is in U by (SP). But then ux = uzz—'x = uzz 'z =

ux = b = e, a contradiction.

(iv) If b’ = e then x must cancel with y. For this to happen we must have uz = v,

1 1

then x = y ' and u = vy. So v/ = vyvy ' = uzx~tu~t = b~! is freely the

inverse of b.

Example.

b1 b2 b3 b4

e Y ™~ 7~ e ™~

2= () (UamatinTy ) (uszstiz®s ') (uamsliaZy )

= W1 T1U1T1 IUQI'Q U2T9 1b3b4

= W T1Wa TolaTy ‘UaT3 UaTs  UsTsUsTq |
= W1 T WaTW3 T3UsT3  UgZy UaTy

= W1 T WaToW3T3Wy ToUsTy |

= W1 T1W2X2W3T3W4T 4 W5

where [(w;) > 0 with relation to X*!.

Note that lenghts are relative: 1(z) = 4 relative to B but [(2) > 4 relative to X*1.

IMPORTANT: When we talk of a reduced word we always mean reduced relative to

some given set of generators.

Example. X = {z,y}, B < F(X),B = (b; : 1 <i <5) where

by = 2yz?
by = ya’y
by = y4
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Here blbgbz_lbg is NOT REDUCED relative to B or to X.

The word b1b3bs = z*yx 2o lyryr~yz3yy* is REDUCED relative to B and to X.
However, the word

bobsby = &~ yzy y'ty oy e

1S REDUCED relative to B but NOT REDUCED relative to X.

Also:
bobybibs = ‘ ‘yx yy laety a2y a |y1‘x‘
= {by,...,bs} is not a free basis for B.

(Question: Is {by,...,bs} a free basis for B?)

6. Proof of Theorem

Theorem 2.6 (Nielsen-Schreier Theorem). Let F' be a free group and H < F. Then
H s free. Moreover if |F : H| = g and rank F = r are both finite then

rank H = (rank FF —1)|F: H|+1=(r—1)g+1

Proof. Let X be a set of free generators for F'. Let U be a Schreier transversal
for H and let B be the set of generators for H as constructed above. It follows
from Lemma 2.5 that if w = by...b, is a word reduced relative to B then after
reducing we get a reduced word in X of length at least n and so w # e. Therefore
B is a free basis for H. For the last statement, observe that B is indexed by the
pairs (u,z) € U x X with ux ¢ U and so rank H = |U| x |X| —b = gr — b where
b= {(u,z,v) € UxX xU : ux = v}| It remains to prove b = g—1. Let T' denote the
graph with g vertices labelled by the elements of U and having a directed edge from
u to v labelled z iff uz = v where x € X. By (SP) every vertex of T" is connected by
a path to e. In particular, T is connected. Also T" has no circuits since F' is free on
X. Therefore T is a tree with g — 1 edges. Since there is a bijection between edges

of T, E(T), and {(u,z,v) € U x X X U : ux = v} it follows that b = g — 1.
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Example. Let ' = F(X) be the free group on X = {z,y}, N the normal closure
of {z°, 4% (yz)?} in F. Then |F/N|=10,|Nz| =5 and |Ny| = 2 (see later).

Now let H = (N,y) < F(X). Then N < H and H=NUNy = |H : N| =2 so
\F:H|-|H:N|=|F:N|= |F:H| =5 Thusrank H = (2 —1)5+1 = 6.
However H is not a normal subgroup of F'.

We obtain Schreier generators for H. As before z < y < 27! < ~1. Observe that a
Schreier transversal for H in F is U = {e,z, ™!, 2% z72}. Since |[Nz| =5 in F/N
it follows that H, Hx, Hx=!', Hx?, Hz~? are distinct.

If Hx' = Ha? for i # j it follows that /=" € H = N U Ny, a contradiction.
Certainly 277" ¢ N and 2/~° € Ny = &x:i = i\fg/, a contradiction.

orderb order2
u || ux ur | urur
e X x X e
e ly| y | e ?
x | x x? x? e
x Y Yy x ! TYyr
x| x e e e
l’_l y x_ly ? ?
x|z x3 x 2 x
x 2 x| a7t |t e
gj_Q y x_Qy ? ?

yryr € N = yryr € H = Hyryr = H

= Hyyr = H = Hxy = Ha™!

In general, if N is a normal subgroup then every cyclic permutation of elements
and inverses belongs to N. (If zy25...2% is in a normal subgroup then so is
(2;...2p21 ... 2;_1)F.) For example, yryr € N

= Nyzy = Nz}

= (Nyay)? = (Na~1)?

= Nyzy*ry = No—?2
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Nyx?y = Nx~2 since N is normal. Therefore ya?yz? € N < H = Hyx*yx®> = H

= Ha?yz? = H = Ha?y = Hz 2 = 22y = 22

3 Presentations

Let X be a set, ' = F(X) the free group on X, R C F', N the normal closure of R
in F (denoted by R or EF). Put G = F/N.

When we have this situation we write
G = (z|R)

and call this a presentation of the group G. The elements of X are called generators,
and the elements of R are called defining relators. A group G is said to be finitely
presented if G = (X|R) where | X| < oo and |R| < 0.

IMPORTANT: G = (X|R). The elements of G are cosets Nw of N in F where
w € F(X). However we often write w for Nw. Thus “w =1 in G” iff w € N iff
N =Nw. G=(Nzx:z € X) but we usually use G = (X) to mean this.

The identity in G is denoted by: 1,e, 14, €,.

Exercise. Let ¢ € F(X). Show that g € N = Riff g = Hle h;'rSh; where
hi S F(X),TZ € R,Ei = +1.

Notation: (z,y|z%y~?) = (z,y| 2’y > = 1) = (z,y|2* = )
—— N — —_——

relator relation relation

Example. F(X) = (X| ) is the free group on X.
G = (X|X) is the trivial group.

Lzy) = (z,y|l3 = y* = 1,2y = yz) then (we get an Abelian

If G = (z,yla®, y*, a7y~
group since the two generators commute and) G = C3 x Cy = (g, the cyclic group

of order 6.

Example. Let G = (z|z") where n > 1. Then ¢ = 1 in G iff g € {27} iff

g =TT, wiz*™w; where w; € F({z}).
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= g = x?" for some q € Z.

It follows that the elements of G are 1,x,22,... 2" L.

=G=0,.

Moreover every finite cyclic group is a homomorphic image of the infinite cyclic
group Z = (z| ). The kernel is again cyclic and is the normal closure of ™ for some

n > 1.

Cyclic groups: Z = (x| ),C,, = (z|z™),n > 1.

Theorem 3.1. Every group has a presentation and every finite group can be finitely

presented.

Proof. Let G be any group and X C G be a set of generators for G. Then G =
(x| ker ) where 0 : F(X) — G is the unique homomorphism extending ¢ : X — G.
If G is finite, |G| =1 < oo, say, then so is X, | X| = r, say. Then ker @’ is generated
by a set B of cardinality (r — 1) 4+ 1 by Nielsen-Schreier.

Since (B) = ker# < F(X it follows that:

B = (B) (since B C (B) by definition of normal closure but (B) C B because it’s
the smallest subgroup containing B).

= G = (X|B), a finite presentation. O

Remarks. 1. Every group has infinitely many presentations.

(For example, (z|B) = (z,y|B,y = 1) and so on.)
2. Some infinite groups can be finitely presented. (Uncountable groups can’t.)
3. If G = (X|K) where K < F(X) and (S) = K then G = (X|S).

Lemma 3.2. If F,G, H are groups and v : F' — G,a : F' — H are homomorphisms
such that

(i) Imv=0G

(i) kerv C ker «
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then there exists a homomorphism o' : G — H such that va/ = a.

F— H  “a factors through G”

Proof. Given g € G, (i) allows us to pick f € F such that fv = g. Define go/ := fa.

WELL-DEFINED: If fv = f'v = g then f~'f € kerv C ker .

= fa= fa.

COMMUTING: f(va') = (fr)d =gd = fa

HOMOMORPHISM: Let fr = ¢ and f*v = ¢* so that ¢g*a/ = f*a.

Then (gg°)a’ = (frf*v)a’ " =™ (ffwa’ = (ff*)a =™ faf*a = ga'ga’. O

Theorem 3.3 (von Dyck). If G = (X|R) and H = (X|S) where R C S C G(X)
then 3 epimorphism ¢ : G — H fixzing X elementwise (Vx € X ) and such that

kerp = S\R. Conversely every quotient group of G = (X|R) has a presentation
(X|S) where R C S.

Proof. Let v : F(X) — G and « : F(X) — H denote the natural homomorphisms
(w > Rw,w +> Sw). Since v is onto and kerv = R C S =kera we get o/ : G — H

such that va/ = a.

F%H

b
v s
\ s
G

Since v and « fix z € X, so does o’. Moreover « is onto since vo/ = « which is
onto; and ker o = (kera)v. To see this let w € ker /. Then w € G and so there
exists f € F(X) such that fv =w = frvd =wd' =ey = fa=ey = f €kera =
w € (kera)v.

Conversely if u € (kera)v then u = fr where fa = ey. But u = fr = ud' =
fra = ud = fa=eyg = u € ker .

But (ker a)v = Sv = S\R as required.
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For the converse: If H is a quotient group of G let 6 be the composite of the
natural maps F(X) — G — H so that kerf O R and H = (X|ker6). O

Remark. This theorem says that “adding relators to a presentation for G” is the

same as “taking quotients of G”.

Example. Cs = (z|2%), H = (x|2%, 2*).
(=12 =1=2>=1. Or: Cs = (z),C3 = (x),Cs/C3).
Then: H = ().

Theorem 3.4 (Substitution Test). Suppose we are given a presentation G = (X|R),
a group H and a mapping 6 : X — H. Then 6 extends to a homomorphism
0" : G — H iff Vx € X, Vr € R) the result of substituting z0 for x in r yields the
identity in H.

Proof. Consider the commutative diagram where ¢4, t5 are inclusions and v : F(X) —

G is the natural map (w — Rw). Let 0 : F(X) — H extend 6.

(<): The substitution condition can be rephrased as R C ker® < F(X). Now
kerv = R C ker@ = ker®. Now apply (3.2) to get 6" : G — H. Observe that

0 = 1,0 = 1,v0" = 0" extends 6.

(=): For the converse the existence of such a 6" entails that R C R = kerv C

ker(v6") = ker 6. O
NoOTE: 6" is onto iff (X0) = H.

Example. G = (a, b, c|a®b?*a=*b"c71b7te),

H = (z,y,z|[z,y], [y, 2], [z, z])
0:{a,bc} > H, ald ==z, b0 =1y, c ==z
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o 1 1 _ group Abelian _ 11
Check: x?y?z 2y~ 1271y 12 = e L I

= 0 extends to a homomorphism 0" : G — H,ab" = x,b0" =y, " = 2.

Theorem 3.5. If G = (X|R) and H = (Y|S) then G x H = (X,Y|R, S,[X,Y])
where [ X, Y] ={[z,y] :x € X,y e Y}

Proof. Let D = (X,Y|R,S,[X,Y]). We must show that D = G x H. The in-
clusions X — DY < D induce homomorphisms 6 : G — D,¢ : H — D
by substitution test. Define @ : G x H — D by (g,h)a = gbh¢. Notice that
(x,1)a = 201¢ = z and (1.y)a = y. Moreover (g1, h1)(g2, ho)a = (g1g2h1ho)ar =
(9192)0(h1he)d = g20920hi10hag = g10h1¢ga0ha¢ (since [X, Y] are relators in D)
= (g1, h1)a(ge, he)a = a € Hom(G x H, D).

On the other hand the mapping of X UY into G x H sending z to (x,1) and y to
(1,y) extends by the substitution test to a homomorphism g : D — G x H. Since
[z,y] in D rewrites to [(z,1),(1,y)] in G x H and (z,1)(1,y) = (x,y) = (1,y)(z, 1).
Finally af : G x H — G x H sends (z,1) to (z,1)af = xf = (z,1) and sends
(1,y) to (1,y) and xfa = x,yfa = y. It follows that a and 8 are mutually inverse

isomorphisms. O
Example. C5 = (z),Cy = (y).

CV?) X CY4 = <l',y|l’3,y4, [IayD

02 X C'5 X CIO = <xay72|x27y572107 [xuy]v [yv Z], [Z,[E]>

CQXCQXCQ

a’? b? C|a’27 b27 027 [a7 b}? [b7 0]7 [07 a]>

=
= {a,b,cla®, b, c?, (ab)?, (bc)?, (ca)?)

Recall that the commutator subgroup or derived subgroup G' or |G, G| of a given

group G is the subgroup of G' generated by {[g, k] : g,h € G}.

Remarks. (1) G' <G

(2) Gu = G/G" is Abelian.

(3) G/N is Abelian iff G’ C N, N normal subgroup.

(4) In General, G' # {[g,h] : g, h € G}. (But the equality often holds.)
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Theorem 3.6. If G = (X|R) then Gg = (X|R, [ X, X]) where [ X, X]| = {[z,y] :
z,y € X}

Proof. Let D = (X|R,[X, X]). We must prove that D = G,,. By von Dyck there

exists an epimorphism 0 : G — D with ker @ = [ X, X]. It remains to show that G' =

X, X]. Since the generators of D = G/kerf is Abelian it follows that G’ C ker 6.
[ g

On the other hand [X, X] C G = [X,X] CG' =G and so G’ = [X, X]. O

Example. 1. G = (z,y, z|x*yz"lyz1)
Gab = <l', yv Z|[I> y]> [y7 Z]a [Za ZU], $2y2272>-
2. G = (x,ylvyzyzy?)
Gap = (z,y|[z,y]) infinite
3. G = (z,y|lrty 222y, Pz ly22)
Gap = <l’, y| [:L‘a y],l’, y> trivial
4. G = (x,y, 2ty zy 2 2320 eyt a0 ytPy =)
Gap = (m,y, 2, t|[X, X], %2, 2?71y, 1)

(= (z,y, 2|[X, X], 22, 2, y2™*) = (y, 2|[y, 2], 2, y) = {1}].

Since G — G it follows that if G, is infinite GG is also infinite. We describe the
so-called Tietze transformations which allow us to pass from one presentation of

a group G to another.

Lemma 3.7. Let F = (X| ),G =)X|R) and suppose thatw € F andr € R\R C F.
Let y be a symbol not in X. Then both of the inclusions

ar: X = (X|R,r)

B X = (X, y|R,y~ w)
extend to isomorphisms with domain G.

Proof. The fact that these mappings extend to homomorphisms with domain G is
immediate from the substitution test. Now observe that the maps as : X — (X|R)
and B2 : X — (X|R) which fix elementwise and where yfs = w extend, again by

the substitution test, to homomorphisms.
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Now ajas and Bl Bg (where ~ denotes extension) fix the generating set X, and so

both equal idg. Therefore &;, BZ are isomorphisms. O]

NoTE 1.

We say that r € R\R is a consequence of the relators R.

NOTE 2.

The four isomorphisms of 3.7 are the so-called Tietze transformations:

R*: adjoining a relator: (X|R) — (X|R,r) where r € R\R

R~: removing a relator: (X|R) — (X|R — {r'}) where 7' € RN R\{r'}

XT: adjoining a generator: (X|R) — (X, y|R,y 'w) where y ¢ X, w € F.

X~: removing a generator: (X|R) — (X — {y}|R — {y~'w}) where y € X, w €
F(X\{y}) and y~'w is the only relator of R that involves y.

Example.

RY Az, y, 2|z tayz =y, 9% = 1)
= (z,y, 2z leyz =y, 0" = 1, (2y)* = 1)
R™ : {a,b,cla*, a® abc)
= {(a, b, c|a*, abc)
Xt iz, y, 2|2 =y* =2 =1, (zy2)* = 1)
= (m,y,2,tly? =* = 2* =1, (xy2)* = 1,t = zyz’oy2)
(or choose any other word in x,y, z)
X~ (z,y, 2, tt = 2Pa,yt = 1)

= (z,y,2ly" = 1)
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In practice we do many transformations at the same time.
(z,yl', y™, (zy)")
= (z,y,alz’,y™, (zy)", a" zy)
z,y,alal,y™, a" o ry)

y,a,bl(ay” 1)l,y’”,a",b’1y’1>

=
= (y,al(ay™)",y™, a")
=
=

a,b|(ab)', b, a")

Example.

(x,y, zlx = yzy Ly =zaz 2 = xya:_l)

= (2, 2|z = yeyx~ly 'y = ayx lzay'aT)

Remark. Let G = (Y|S) and suppose that s € S is of the form s;y*!s; where y € Y

+1a word not involving

and y is not included in either s; or so. Then y = (s7's;")
y. So G = <Y — {y}]§> where S consists of all relators in S — {s} in which y is

replaced by (s7's;')*! wherever it appears.

Example. (z,y, z, t|Byte—'z, 22yty, 23yt2?, 2°)
Bytrtz=1=y=t3ztat!
G = (z, 2, t|22t 3z ettt 2z et ), 23 (632 et ™), 25)

Theorem 3.8. Given two presentations of the same group, one can be obtained

from the other by a finite sequence of Tietze transformations.

Proof. Suppose G = (z|R(x) =1) = (Y|S(y) =1). Let X = X(Y) and Y = Y (X)

be two systems of equations expressing the X in terms of Y and the Y in terms of
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X. We can do this since G = (X) = (Y).
Now
(X[R(X) = 1)
Xt =(X,Y|R(X)=1,Y = V(X))
)

Rt: =(X,Y|R(X)=1Y =Y(X),X = X(Y))
RY: =(X,Y|R(X)=1Y =Y(X),X =X(Y),RX()) =1)
R =(XY]Y =Y(X), X =X(Y),RX(Y)) =1)
RT: = (X.Y|Y = Y(X),X = X(V), RX(Y)) = L,Y = Y(X(Y))
R =(X,Y|X = X(Y),R(X(Y)) = 1,Y = Y(X(Y)))
X7 ={{[R(X(Y))=1Y =Y (X(Y)))
Rt: =(Y|R(X(Y)) =LY = Y(X(Y)),S(Y) = 1)
= (V]S(Y) =1)

Example. If A = (z|z'? 2%) then |A| = 6 = ged(12,30) (If 22 = 1 then 2?* = 1.

If 224 = 230 = 1 it follows that 2° = 1. = A = (z]2'?, 2%, 2%) = (z]2°).

Example. C,, x C,, = C,,, iff ged(m,n) = 1.

(=): Let p be prime, p|m and p|n. Then C,, x C,, = {a) x (b) contains the subgroup
<am/p> X <b”/p> = (, x C, a non-cyclic group (since every element has order p).
This contradicts our assumption that C,, x C,, is cyclic (all subgroups of a cyclic
group are cyclic).

(Cp = (2),Cp = (y) = (z.9)" = (™,y") = |(z,y)| < p <p> If|G] =n and
g € G then g" =1 so here either a? or b? equals 1.)
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(<): (myn) =1 <= Ju,v € Zs.t. um+vn=1.

Crn = (ala™ = 1)

m

=(a,z,yla™ =1,z =a™,y=a")

={(a,z,yla™ =1,z =a™y=ad" [z,y] =1,2"=1,y" =1,2"y’' =a =a)

un, vn

= (z,yl(a")"(y")" = 1o ="y y = 2"y, [z, y] = 2" =y = 1)

m

= (z,ylr=2""y=y" [z,y =2" =y" =1)

Butz"=1=a2"=1=2z"""=1=z=2""and y" =1 =y = y"".

So we get Cp, = (v, ylz" =y" = [z,y]=1) =C,, x C,,. O

Strategy:

. bst. test
abstract presentations «+————"" concrete groups

Example (The dihedral group). Let Dy, denote the dihedral group of order 2n,
the 2n symmetries of the regular n-gon. This n rotations and n reflections. Let

lzy = x71). Define a mapping 0 : {z,y} — Dy, by 26 =

H = (z,ylz" =y* =1y~
rotation of order n and yf = any reflection. Then H = (x0,y0) and (20)" =
1, (y9)? =1, and (y0) "' (x0)(y8) = (x0)~1. Therefore § extends to a homomorphism

0:H — Dy, by the substitution test. Now 0 is onto so it remains to show that @ is

injective.
Example (The quaternions). Let H denote the subgroup of GL(2, C) generated by
0 0 1 .
A= , B = where w = /"
0 w -1 0

Claim: H & Q,, = (x,y|lz" = y*, 2*" = 1,y oy = 27 1)

Note that B ¢ (A) = |H| > 4n

H={I,A.. A B BA.. BA> 1.

Define 0 : {z,y} — (A, B) by 20 = A,y0 = B.
-1 0 10 ~ onto

Since A" = B? = LA = JATIBA =B weget0:Qy, — H
0 -1 01

extending 0 by the substitution test. It remains to show that |(Qa,| < 4n.

1

Now y~toy =27t € (z),yry = 27! € (x) = () < Q.
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But Q2./(z) = (yly* = 1).
= [Qan] = [(yly® = DI[{z)] <2-2n = 4n.

1 1 1

Note that Qa, = (z,yly" = y*,y oy = z7!) since ylay = 27! = (y lay) =

rtP =yl = =t =2,

Example (Groups of order 8). Let G be a group of order 8 and let z € G have
maximal order so that |z| € {2,4, 8}.

If |z| = 8 then G = Cs.

If |z| = 2 then G = Cy x Cy x Cs.

If x| = 4 let y € G\(z). Then y~'zy € (z) < G so y~tzy € {e,z,2?,2%}. Clearly
y oy & {e,x?}. If y loy = x then G = Cy x Oy so let y~lay = 23. If y?> = 1 then
we get Dg. If y? # 1 then y? € (x) (otherwise we could write down more than 8

distinct elements). This forces y? = 2% and G = Q.

Thus the groups of order 8 are:

(@l2®), (@ yla v? [x,y]), @,y 202,02, 2%, (20l [y, 2], [z, @),
Dg = {(a,bla* = b* = (ab)? = 1), Q4 = (a,bla® = V*,b~lab =a™!)

Example (The Heisenberg group).
1 r s

H is the group of matrices of the form |0 1 ¢ | ,r s,t € Z.

00 1
110 100 101
PutA=|0o 1 0|,.B=]|01 1|, C=|0 10
00 1 00 1 00 1
1 k0 100 1 0 m
Then A*= (0 1 0o|,B'=|0 1 1|[,.C"=1]0 1 0
001 00 1 00 1
1 k m+Ekl

and A* - B"-C™= 10 1 {

0 0 1
— H =(A,B,C).

Let G = (a,b,c | [a,b] = ¢,[c,a] = 1,[c,b] = 1) and define 0 : {a,b,c} — H by
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a = A,b0 = B,c0 = C. Now [A,B] = C, [C,A] = [C,B] = 1. So 0 extends to
0 € Hom(G, H) by the substitution test. Clearly 6 is surjective.

Now let L = {n = a*b'¢™ : k,I,m € Z} C G. Observe that eq € L (k=1=m = 0).
We claim that L, C L (Vg € G). It would then follow that L = G.

To prove the claim it is enough to consider a*',b*! and ¢*! and show that each of

ua, ua” ", ub, ub™t, ue, uc™?

is in L.
Now
uct! = afole™*H e L

ub™! = afolcmp = d"VEem € L ([e,b] = 1)
Observe that

[a,b] =cea b lab=c
sSa b la=ch?
& a'ba = be?
and so
a'bla = (be™) = bl
Similarly abla=! = b'c.
Therefore

wat = dFplem gt
=ad"'a* ™ ([c,a] = 1)

— aka:tlblcﬂ:lcm cL

But now distinct members of L are sent by 0 to distinct matrices in H which means
0 is injective, so G = H.

NOTE. a*blc™ is a normal form for G.

Symmetric groups.
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Let S,, denote the symmetric group of degree n so that |S,| = n! and S,, = ((i,i+1) :
1 <i<n).

Put

G, =(x1,...,2,|R, S, T)
R={z7=1:1<i<n-—1}

Claim: S, = G,,.

Define 6 : {xy,..., 2,1} — S, by ;6 = (i i + 1). Then 6 extends to a homomor-
phism 0 : G, — S, by the substitution test and 0 is injective so |Gp| > [S,| = n!.
We show by induction on n that |G,| < n! and so 6 is an isomorphism.

Proceed by induction on n.
If n =1 then G, = {e} and |G,,—1] < (n — 1)!. Let H be the subgroup of G,

generated by x1,..., 2, o and define
Yo =1
Yi = Yn—1-+ - Yn—i

Consider the subset A = {hy; : h € H,0 <i <n —1} of G,. Observe that H < A
and eg € A.
We show that hy,xz; € A.

There are six possibilities:
(i)i=0,j<n—1: hyzr;=hz;ec HCA

(i) i=0,j=n—-1: hyx; =hx,1=hy, €A

(iii) ¢ > 0,7 >n —i: exercise

(iv) i>0,j=n—i: hyx;=he,1...Tp_iTn_; & htp_1...Tp_iz1=hyi_1 € A
(v) i>0,j=n—i—1: hyz;=hy4 € A

(vi) i>0,j<n—i—1: hyx; e (haj)y; = h'y; € A.
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It follows that A = G,, and |G,| = |A| < n x |H|. Now since the relations in
G, that involve x4, ..., x,_o are precisely those in G,,_; we get the homomorphism
¢:Gn g — G, where 2,0 =x; (1<i<n-—2).

Now Im ¢ = H = (n — 1)! > |G,—1| (induction) > |Im ¢| = |H].
=nl=nn—1!>n-|H| > |G,|

1 1 1
Example (The rationals (Q, +)). If ¢ € Q then § = a(bgl)! =3 + B +...+ o

a(b—1)! times

Hence (Q,+) = (4 :n>1)
Put G = (t,(n > D|th =t,—1 (n>2)).
Claim: (Q, +) = G.

For convenience we write additively so that
G=(x, (n>1)|nx,=2,-1 (n>2))

Define 6 : {z, : n > 1} — Q by z,0 = % By the substitution test 6 extends to a
surjective homomorphism 0:G — Q. We must check that 0 is injective.

Let w € G. Then w = a1x1 + asxs + ... + ayxry where a; € Z for some N > 1. So
Bw) = 2, .

We say that w has normal form if:
1) aN-#:O
2) 0<a,<n—1for2<n<N

3) ay is arbitrary.

Any word can be put into normal form. To do this we work from ay. Suppose that
we have got as far as k where N > k > 2.

Then ay = gk + aj, where 0 < a}, < k. Then ay, - zx = (gk + a})xr = qkxy, + ajxx =
qrr_1 + ajxy, and w = dyry + ... + dprg + (ar_1 + Q)R + arzy.

Suppose now that w,w’ are in normal form and O(w) = SN @ and O(w') =

n=1 n!

ZM ba - SQuppose that aj =bjforall 1 <j <k—1butag > b, (If k=1 then this

n=1 n!

is strictly speaking the empty set.)

Then
(07% N a bk M b
TIPS TR D
n=k+1 n=k+1
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M

1 ap — bk ap — bk n 1 1

gEUEE e Y B Y Mg
n=k+1 n=k+

(for the last step see below) which gives a contradiction. It follows that 0 is injective.

NoTEeE. To prove Z < L — L we fix k and proceed by induction on

nk-‘rln'—k' M1
M>k+1.

If M =k+1 we get (k’fll), on the left hand side. But bx,1 < k£ + 1 and this implies

br+1 1 1
B+l = & D)l

Assume that is true for M — 1. Then

Z_n %:_n 1 1 M- 11
e nl o= K (M —1) Mkl M

4 Finitely generated Abelian groups
Recall that if G = (X|R) and H = (Y|S) then

G x H=(X,Y|R,S,[X,Y])
Gu = G/G' = (X|R,[X, X])

Proposition 4.1. Let F' = F(X) be free of rank r.
(i) Fop = <XHX7X]>

(1)) Fo & 77

(iii) Fu = free Abelian group of rank r.

Proof. (i) is known and (ii) = (iii).
We prove (ii) by induction on 7. If r = 1 then F,, = (2| ) = Z. Assume the claim

is true for 1 < k < r. Then

Fo = <$1,---,$r|[$i,l’j] (Z #]))
= (1, e[z, ] (0 # 7)) ¥ (2] )
=7 'xZ=7
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NOTATION. A = A(X) is free Abelian group on X. We will write additively.

Theorem 4.2. If X generates an Abelian group G then there exists an epimorphism
(that is: a surjective homomorphism) A(X) — G fizing X elementwise: FEvery

Abelian group is the homomorphis image of some free Abelian group.

Proof. If G = (X|R) is Abelian then G = G4, = (X|R, [X, X]). By von Dyck G is
a factor of A(X) = (X|[X, X]) by the normal closure of R. O

Theorem 4.3 (Dedekind). If A = A(X) is free Abelian of rank r and B < A then

B is free Abelian of rank < r. (Think subspaces of vector spaces.)

Proof. If r =1 then A = Z and the result is known. Assume r > 1 and result true
for 1 <k <r. Let X = {xy,...,2.} and define the subgroups H = (xy,..., 2, 1)
and C' = (z,) of A. Then H is free Abelian of rank r — 1 and A = H & C. By

induction BN H < H is free Abelian on y, ..., ys, say, where s < r — 1. Also
B/(BNH)=(B+H)/H<A/H=C

(the product of Abelian groups is the same as the sum). So B/(B N H) is either
trivial or infinite cyclic.

If trivial then B = BN H and result follows.

So assume B/(BN H) = (b+ BN H) where b € B\H.

Now b= h+1-z, where h € H,l € Z\{0}.

We claim that B is free Abelian on {y1,...,ys,b} and so has rank s + 1 < r, as
required. Clearly B = (Y'). Now suppose that > ., kiy;+kb=0 (k;,k € Z). Then
k-l-x,=k(b—h)==>, kyy—kheH=Fk-1-z, ¢ HNC = {0}.

Since | # 0 this forces k = 0 = Y7 ky, =0 =k =0 (1 < i < s) since
{y1,...,ys} is a basis.

Thus every element of B is uniquely a Z-linear combination of the elements of Y,

so Y is a free basis for B. O

(This is equivalent to saying B = Z™!.)

Change of generators.
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We know that a finitely generated Abelian group is of the form A(X)/B where A =
A(X) is free Abelian on X = {xy,...,x,} and B is free Abelianon Y = {y1,...,ys}
where s <r. Let Y = Y (X) be the elements of Y written as words in X.

Then A(X)/B = (X|[X, X],Y(X)).

Suppose that {us, ..., u,} is another set of generators for A. Then we get X = X (U)
and U = U(X), in which

(1) z; = Z?leijuj for1<i<r
(2) u; = qgrap for 1 <j<n

(pij, @ik € Z). Substituting (2) into (1) yields

T 1 1=
sz‘j%‘k = 0;j =
j=1 0 i#y

by uniqueness.

So if P = [pijlrxn and Q = [¢jk|nxr then PQ = I,.

Substituting (1) into (2) yields QP = I,,.

If n > r then n = rank ([,,) = rank (QP) <rank Q <r. Son =7 and Q = P~..
Conversely any transformation of type (2) with [g;;] invertible over Z will yield a

new set of generators for A.

Now let B < A. So Bis freeon Y = {y1,...,y,} where s < r and we get
(3) yk = Z?:1 my;x; for 1 <k <r

Thus B is determined by the matrix M = [my;]sx, relative to Y and X.

If we change to generators U of A instead of X then we must substitute (1) into (3).
In matrix terms we change from M to MP = MQ~!. If Y is changed to another
set V' of free generators for B using an s X s-matrix T invertible over Z then B is

now determined by

T M relative to V, X

TMQ™ relative to V,U
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Theorem 4.4. The subgroup B = (Y)s of A = (X), is determined by the s x r
coefficient matriz M = [my;]sxr. Changing the free generators X andY corresponds
to post- and pre-multiplication of M by matrices over Z. Conversely if T and Q) are
invertible over Z, the coefficient matriz TM Q™' determines the same subgroup of A

as does M.

Example.

G = (z,y, 2, t|(zy2)’ = L,#* = (z2)%, (zy®2t*)? = 1, (yt?)* = 2°2%, (wy2)* (yt)* = 1)
Gab - <x7y’ Z7t||:w7 y]? [ZE? Z:I? [:C?t]? [y7 Z:I’ I:y’ t:l’ [Z7 t]7x6y626 == 17x222t_2 - 17
x2y622t4 — ]_7 (L’_2Z_3y2t4 — 1,x4y6z4t2 — 1>

Gab = (X>/B(Y>

where X = {z,y,2,t},Y = {6x 4+ 6y + 62,22 + 2z — 2t,2z + 6y + 2z + 4t, —2x —
3z 4 2y + 4t, 4z + 6y + 4z + 2t}

6 6 6 0 d 0 0 0
2 0 2 =2 0 do 0 O
M=12 6 2 3|~]10 04d 0
-2 2 -3 4 0 0 0 dy
4 6 4 2 0 0 0 O

Relation matrix: By performing row and column operations (which correspond to

pre- and post-multiplication by invertible matrices) we can reduce M to a canonical

form (Smith normal form) from which
(i) free generators for the subgroup B can be read off
(ii) A(X)/B(Y) can be identified as a product of cyclic groups.

Row operations.

P: permuting rows
M: multiplying a row by +1
A: adding an integer multiple of one row to another

(Column operations are similarly defined.)
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We now describe an algorithm (see handout) for reducing any s x r matrix M
over Z to the canonical form D = diag(dy,...,d;) where k = min(r, s) and d; is a
non-negative integer (1 < i < k) such that d;|d;; for 1 <i <k — 1.

Remarks. 1. The divisibility condition implies that any 1’s that occur amongst the

d; occur at the beginning and any 0’s occur at the end.
2. dy = hcf(entries of M)

3. Those d;’s not equal to 0 or 1 are called the invariant factors or torsion coeffi-

cients.
4. The number of 0’s is the rank.

5. The uniqueness of the invariant factors and rank follows from linear algebra.

Returning to Example (*): See Handout (dy = 1,dy = 2,d3 = 6,d, = 0).

Exercise. Reduce this matrix to Smith normal form:

132 68 68
78 76 40
78 112 40

Translating all this into group theory we obtain:

Az, 7))
A(X)/B N <d1x1, .. dkmk>

({xl’” Tr}) where | < k,d; > 0
<d1$€1, .. dlxl>
X

@) x.x(a)
<d1]31> X oo, <dll’l>

= <ZE1|d1ZE1> X <I2|d21)2> X ... X <l’l|dll’l> X Zr_l

Returning to Example (*)

o o o O =
o O O N O
o o o o o
o o o o o
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we get:

Gap = (xlz) x (y]2y) X (2(62) X Z = Cy x Cs x Z
rank = 1, invariant factors = {2,6}.

Examples. (i)

(100 0 0 0
020 000
0016 0 00
00 0 160 0]

CQ XCIG X 016 X 7.2

<$17 cee 7x6|3717 l‘%, xil’,67 le,LGa [mia .’L“]]>

(i)

o o o o o o =
o o o o O NN o
o O O O B~ o O
o o o o o o o
o o o o o o o

02><C4XZQ

(i)

o O W
o w O
o o O

CgXCgXCg

Theorem 4.5 (Basis theorem for finitely generated Abelian groups). Given a finitely
generated Abelian group G there are integers k,m > 0 and integers d; > 2 (1 <i <
k) such that d;|d;11 for 1 <i<k—1, and

G=Cy X ...xCq xZ"
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Moreover each (dy, . ..,d,, m) uniquely determines G.

Example. Cﬁ X ClO = (Cg X 03) X 010 = 02 X (Cg X 010) = 02 X 030

6 0 6 6 6 6 —30 0 2 0
— — — —

0 10 0 10 —-12 -2 —12 -2 0 30

Remark. Let P(n) denote the number of partitions of n > 1. For example P(5) = T:
514424314143 1424214141421 +1+1+1+1

It follows from the theorem that the number of Abelian groups of order n (= pt* -

... py", p; distinet primes, k; > 1) equals [[_, P(k;).

Example. How many Abelian groups are there of order n = 719069682405096007
Answer: n = 2°335%112317, the number of groups is P(5)- P(3)- P(2)- P(2)- P(7) =
7-3-2-2-15=1260.

Example. List the Abelian groups of order 144.

Suppose that the relation matrix M is a square matrix. Then the row and column

operations only alter det M up to a factor of £1.
Corollary. If G = (X|R) is a finite presentation and |X| = |R| then
|Gap| = £det M
Corollary. If G = (X|R) is a finite presentation and | X| > |R| then G is an infinite
group.

Proof. Since |X| > |R| the relation matrix has more columns than rows. So the
normal form of M must contain at least | X | — | R| columns of zeroes. It follows that

G is infinite. But G, is a quotient of GG so G is infinite. O
Example.
C, = (z]z" =1)

Qon = (T, y|2" = v,y tay = 27)

Lo = 2%)

G=(v,y2ly oy =a" 2 yz =y 2~
then |G| < oo for a > 3. Also: G cannot be 2-generated.
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Example. List the Abelian groups of order 144.

OPEN PROBLEM: Is there a group G having a presentation G' = (X|R) where
(1) 1G] < oo,

(2) |X|=|R| =4, and

(3) G can not be generated by fewer than 4 generators?

5 Group Extensions

The group G is said to act on the group A if for each ¢ € G,a € A there exists a
unique element a? € A such that
a““ =a (VYa€ A)
(a91)92 = 9192 (va c A7917g2 c G)
(a1a2)? = afa§ (Yai,as € A, g € G)
Example. If A C G and we know g lag € A (Va € A, g € G) then
a? = g lag
is an action of G on A (conjugation).
ac = eélaeg =a
(am)gz — (91_16191)92 — 92_1(91_16191)92 = 9192
(a1a2)? = g~ araag = g 'argg ™ azg = aiaf

Definition. An automorphism of A is an isomorphism A — A. Aut(A) is the group

of all automorphisms of A with composition of maps.

Theorem 5.1. Let G act on A (as groups). Then for each g € G there corresponds
a mapping ¢ : A — A defined by ¢4(a) = a? (Va € A), and moreover ¢, € Aut(A).
The mapping ¢ : G — Aut(A) defined by gp = ¢, (Vg € G) is a homomorphism
and we call ¢ the action.

Conversely let ¢ € Hom(G, Aut(A)). Then G acts on A (with action ¢) if we define
a? = a(gp) € A.
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Proof. We prove only the last statement.

0 = aleqd) = alenmn) = aliddy) = a
(a102)7 = (a1a2)(99)
= a1(g9¢)az(g¢) (since g¢ € Hom(A4, A))
a”% = a((g192)9)
= a((910)(920))
= (a(919))(92¢)

— (a91>92
[]

Suppose G acts on A (with action ¢). Consider K = G x A (Cartesian product)

with the binary operation
(z,a)(y,b) = (zy,a’b) (Va,y € G)(Va,b e A).

(Note: a¥ = a(y9).)

Then we get a group K called the semi-direct product of G on A; and we write
K=GxyAor Al,G

For example

So (x,a) ' = (z7, (a”)* ).

NOTE. € = es(yop) = ea.

NoOTE. Direct product of G, A is obtained when a¥ = a (Ya € A,Vy € G), that is,
a(yp) =a (Va € A)Vy € G), that is, y¢ =ids (Vy € G), that is, ¢ : G — Aut(A)
is defined by y¢ =ids (Vy € G).
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The mappings

A=K ar (eg,a)

G—=K g~ (g.ea)
give injective homomorphisms. (Check!)
It is customary to identify A, G with their isomorphic images in K, that is, re-

gard them as subgroups of K.
Observe that

(z,b) (eq, a)(w,b) = (x~*, (b)")(z, a"b)
= (eq, (071" )7a"b) = (eq, b 'a") € A

Thus: A K,G<K,ANG ={(eg,ea)} and K/A=G (%)

Pictorially:

1 A K G 1

Definition. An extension of a group G by a group A is a group G having a normal

subgroup N such that A~ N and G/N = G.
Example. If 6 : G — Gis an epimorphism then G is an extension of G by ker 6.
Example. K = A |4G is an extension of G by A.

Pictorially:

1 A G G 1

where ker 51 = {ea},Im 51 = ker 85, Im By = G.
Definition. A sequence of groups A; and homomorphisms o

aQ aq a9 Qp—1
Ao Ay As e A
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is called ezact if Im (a;_1) = ker(«;) for each 4.
A short exact sequence is an exact sequence where n = 4 and Ay = Ay = 1.

Therefore group extensions = short exact sequences.

1 Ay —— A

inj. surj.

As 1

A diagram is a directed graph whose edges are homomorphisms between the end
points and whose vertices are groups.
A diagram is called commutative if given any two vertices and any two paths between

them the corresponding composite homomorphisms coincide.

Lemma 5.2 (The Five Lemma).

Let

Ag = Ay = Ay 5 Ay —= Ay

O

Bo Bo By B1 By B2 By B3 By

be a commutative diagram with exact rows. If ¢g, p1, p3 and ¢4 are isomorphisms

then so is ¢o.

Proof.

(¢ injective)

Let a € ker ¢5. We show that a = 0.
Then aqaps = apafBs = ey =€

= aqy € ker ¢3 = e (¢3 injective)
= a € keray = Im «; (exact)

= a = a o for some a; € A,

= e =aPy = a1a1py = a191 5

= a1¢1 € ker f; = Im fy(exact)

= a1¢1 = boﬁo for some b() c BO

Since ¢q is surjective dag € Ag s.t. agpg = by

= a1¢01 = agPoPBo = apopby

= a1 = apeyp (@1 injective)
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= a; € Im o = kera; (exact)
= a=a0; =¢€

= ker ¢y = {e}.

(¢ surjective)

Exercise. O

Suppose now that we are given an extension

1 A——G—G 1 exact

and presentations G = (X|R) and A = (Y|S). Our aim is to obtain a presentation
for G.

LetY ={ye=7:ye¥Y}C Gandlet S = {5: s € S} C G where 7 is obtained from
s € S by replacing each occurence of y in s by y. Now let X = {Z:2€ XH} C G

be members of a transversal for the image of ¢ in G such that zv = x.

NOTE.
G=G/kerv=G/Im ¢
and
T1v = Tov i 351_1:%2 € kerv

iff 7', €Im ¢

iff Z7Im ¢ = Z5Im .
For each r € R let 7 be the word in X obtained from r by replacing each = with z.
Now 7 € kerv = Im ¢ so each 7 can be written as a word v, in the 3.
Put R = {rv;':re R} C G. Finally Im ¢ < G and so each conjugate 119z, Tyi~! €

Im ¢ and so is a word wy, ,, W1, in Y. PutT = {T7'g2w; ) v e XF yeY} C G.

Theorem 5.3.

G = (X,Y|R,5,T)

Deﬁne@:)?uy%éby

N
)
I
ISX
<
D
I
<
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Then 0 extends to a homomorphism 6 : D — G. The restriction of 6 to (}7) <D
gives rise to the composite homomorphism 6, : (37> — Im ¢ =2 A where g6, = y.
Since all the defining relators S of A with each y replaced by g yield the identity
in <}~/> then using the substitution test the mapping ¥ — <3~/>, y — 1y extends to a

homomorphism A — (Y') inverse to #;. So 6, is an isomorphism. O

The presence of T’ in the presentation for D implies that (Y) < D. So we have the

commutative diagram

nuy

D/{Y)
where Im vy = D/(Y), kerv; = (Y) and since (Y)0v C (Im )y = (kerv)v = eg
= kerv, = (V) C ker(fv) and so we can apply Lemma 3.2 to obtain
0,: D/(Y) = G
i’<?>92 — Gy = iy = v = x
But the relators R of G with each z replaced by #(Y) all held in D/(Y) so applying

the substitution test we obtain a homomorphism G — D/(Y), z ~— #(Y), inverse

to 5. So 65 is an isomorphism.

We now have:

1 A G G

BRI

1 (Y) D——D/(Y)—

where the rows are exact and each 6; is an isomorphism.

Corollary. Let G = (X|R) and A = (Y|S). Let a : G — Aut(A) be a homomor-
phism such that

y(ra) =w,, € Y)=A (Vxe X,YyeY)
Then the semi-direct product A 1, G has a presentation
AlaG=(X,Y|R, S,z \yzw,, (r€X,yecY)
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Proof. Apply 5.3 to the extension 1 — A——A],G—— G ——1. Since G <
A 1, G it follows that all the v, are trivial. Remove the tildas to get result. m

Also note that we use X instead of X*' for ™ 'yzw, ;. Since zalpha € Aut(A) it

follows that {w,, : y € Y} generates A.

1 ni ng

Suppose we know that z~'yz = w,, then zw, ' =y € A. Soy = Wy, Wk
and zyzr ' = (2w, 271" (@we r )2 L (TWey, ) =Y.y € A= (Y)
Example.

A=C,=ly"=1), G=C, = (z|]z™ =1)
When does G act on A?
We want G to act with action «, say, a : G — Aut(A), where

(¥)  ylza) =y

for some [ € {1,...,n —1}.
Since xa € Aut(A) we must have (y') = A < hef(l,n) = 1.
Also since (za)™ = 2™a = e = eaw(a) = ida we have y(za)" =y & Y=y

< Im=1 modn (xx) (= hef(l,n)=1).

Subject to (%), (x) completely determines « since

7l

y'(@*a) = (y(za)®)" =y
By corollary 5.4

AlaG = (m,ylz™ y", a yz = o)

Example. A=Cs5 = (y|y® =1), G = (z|z* = 1), 1 € {1,2,3,4},
m=4,n=>5,1*=1 mod 5.
In fact this is true for all values of [.
(z,ylat,y® 2 ye = y) = Ca x G5 = 50
(w,ylat,y° a7 ya = %)
(w,ylat,y* a7y = y°)
(

oyt v ey = yt).
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Example. A= (y|y® =1), G = (z|z? =1), | € {1,2,3,4,5},
m=2n=6,1>=1 mod6

12=1,22=4,32=3,4>=4, 5°=1

(z,yl2?,y® 2 yz = y) = Cy x Cg

(z,ylz®,y° 2 lyz =y™") = Dyo
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